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Abstract 


We provide necessary and sufficient conditions for several observables 
to have a joint distribution. When applied to the bivalent observables of 
a quantum correlation experiment, we show that these conditions are equivalent 
to the Bell inequalities, and also to the existence of deterministic hidden 
variables. We connect the no-hidden-variables theorem of Kochen and Specker 
to these conditions for joint distributions. We conclude with a new theorem 
linking joint distributions and commuting observables, and show how violations 
of the Bell inequalities correspond to violations of commutativity, as in the 


theorem. 


PACS numbers: 02.50. F, 03.65. B. 


1. INTRODUCTION 

The question of when joint probabilities exist in quantum mechanics is 
not entirely settled, although several results in the literature suggest that 
joint probabilities exists only for commuting observables. | We show here 
that the special question of whether observables can have a joint distribution 
in a given, fixed state lies at the center of recent investigations into 
hidden variables; in particular, it is the key to the Bell theorems“ and the 
no-hidden-variables result of Kochen and Specker.* We conclude with a new 
theorem Tinking joint distributions and commuting observables, 
2. STATISTICAL OBSERVABLES 

In this section we establish a framework, and results on joint probabili- 
ties, to be applied below to quantum mechanics. We begin by defining a sta- 
tistical observable (or, observable, for short) as a pair <A, Py? where A is 
a real-valued function and Pa is a probability measure on the Borel subsets of 
the reals (R). Intuitively, P,(S) gives the probability that A takes a value 
in S. Thus every random variable paired with its distribution function is 
a statistical observable, In quantum mechanics every self-adjoint operator 
K gives rise to statistical observables <A, p> where A maps a sequence of 
unit rays ("states") @ to a real number 4 iff Inf [|As., - dnl | = 0, and 
where Pa(S) = <x, (A)>ys for x, the characteristic function of the set S and 
y any state (i.e. unit ray). It is convenient to refer to the function A 
alone, in the pair <A, Pars as the (statistical) observable, suppressing 
reference to the measure Pre Using this convention, we define a joint 
distribution of statistical observables Als Aos Edats AY as a probability 


measure Py on the Borel subsets of ine returning each measure 


yoo Bi 


associated with each observable as marginals; i.e., satisfying 


(Riki Severe BS Pe 1S), 
pore goo 4 ; 


A 
where Borel set S occurs in the qu place in the cartesian product. It is 
trivial to show that observables always have a joint distribution, since 


the product measure 


always suffices. If, however, one is given a set of observables with 
certain fixed joint distributions already defined for various tuples of 
observables in the set, then it is a non-trivial question whether there 
exists a joint distribution for all the observables that returns the fixed 
joints as marginals. If so, we shall say that there is a joint distribution 
compatible with the fixed joints. We now establish some results of this 
sort, having an application in mind to quantum correlation experiments. 
(Intuitively, below, think of the fixed joints as the ones quantum mechanics 
gives - in some state - for pairs of commuting observables. ) 

THEOREM 1. Let observables Al; Ao» ress By vee Be be given, together 
with joint distributions Pai, gp, for i=, 2, ..., mand j=, 2, ..., m. 
There exists a joint iespeihutnn for all _n + m observables compatible with 
the given joints if and only if there exists a joint distribution 


PR > «+.» B. and corresponding joint distributions P each of 
1 m Ass By. sities Bo 
which is compatible with Pp B and Pa, B for i= 1, 2, ..., 7m 
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and j= 1, 2, ..., m. 
Proof. Clearly if there is a joint distribution for all] the n +m 
observables, compatible with the joints for the AB pairs, then the stated 


conditions hold. To establish the converse, notice that these conditions 


enable one todefine density functions o, = dP on aint and 
i A.» Bis sivas Ba = 


a density 6 = dP, on R" such that for y = <Vys +++5 YqPs 


ype BF 


fp o(x;, y) dx; = B(y) for i= 1, ...5 mn. Then for x = <x, ...5 X,> we can 


define a probability density p on pee by 
(xs y) = Loy (xps ¥) -en(x_ y)I/e" y) . (1) 
(For 6 = 0, we can set the left side to zero as well.) This is a proper 


ax dg 4 
et ae 
N . 


faivtm (Xs y)n= Spm :8(y) 


density, for 


Moreover we get the given distributions Pa B B back as marginals 
> > 


Ve so See oy 


because 
fan o(x, ¥) dx, a dx | Axe pee dx, = 0;(%;> y)s 
B. (j = Tis ones m) 
es 
as marginals, the probability measure on the Borel subsets of gee 


for i=1, 2, ..., n. Finally, since each oe returns Pa 
F 
corresponding to the density o is the required joint distribution. 


To apply the Theorem it is useful to state an immediate corollary. 


COROLLARY. Necessary and sufficient for the existence of a joint distri- 
bution for observables Als enatet's AW} By > Bos compatible with given joints 


Pa. B (1< is k <n, andj = 1, 2), is the existence of a joint distri- 


bution P and of distributions P 5 each of the latter compati- 
ee By» ae SEs ALS B Bo 


Bo i? 71? 


ble with Bs By and with the given oe Bs 


The corollary enables one to reduce the general problem to conditions 


on triples of observables, which we now study in a special case. 


THEOREM 2. If A, B, B' are bivalent observables (each mapping into {x, y} 
with given joint distributions Pa, Be Pa, gir and Pe, B', then necessary and 
sufficient for the existence of a joint distribution Pa B. Bl? compatible 
with the given joints for the pairs, is the satisfaction of the following 
system of inequalities: 


P(A) + P(B) + P(B') < 1 + P(AB) + P(AB') + P(BB') (2.1) 
P(AB) + P(AB') < P(A) + P(BB'), (2.2) 

P(AB) + P(BB') < P(B) + P(AB'), (2.3) 

and P(AB') + P(BB') < P(B') + P(AB) (2,4) 


where we write P{) for the probability that each enclosed observable takes 


the value x.4 


Proof. Write S for the observable taking value y iffS takes value x, and 
Tet a = P(ABB'). Then the terms in a distribution Pa B. BI? if there 
were one compatible with the given joint distributions for pairs, would 


have to satisfy 


P(ABB') = P(AB) - (3ig1:) 
P(ABB') = P(AB') - (3,2) 
P(ABB') = P(A) - P(AB) - P(AB') + (3,3) 
P(ABB') = P(BB') - (3.4) 
P(ABB') = P(B) - P(AB) - P(BB') +a (3.5) 
P(ABB') = P(B') - P(AB') - P(BB') + (3.6) 
P(ABB')= 1 - P(A) - P(B) - P(B') +P(AB) + P(AB’) + P(BB')-a (3.7) 


Using 0 < a < min (P(AB), P(AB'), P(BB')), the condition that each term 
in (3) be non-negative produces the system (2), For example, requiring 
(3.3) to be non-negative yields (2.2). Conversely, if the system (2) is 
satisfied then choosing a as above insures that equations (3) define the 
required distribution Pa, B, B'" 

If we combine Theorem 2 with the Corollary to Theorem 1, we get a good 
working condition for when bivalent observables Als fates AY By» Bo with 


pre-assigned joints Pa for 1 < i<k<nand j = 1, 2, have a compati- 


wy (Bay 
1 J 
ble joint distribution; namely, when there exist joint distributions 


Py pg, (for k < 2 <n and j = 1, 2) such that the system (2) of inequalities 
is simultaneously satisfiable for A = Ais B = B and B! = Bos lsis<n. 
In special cases these inequalities form an especially tractable system. 


Theorem 3. If A), Ags By By are bivalent observables with joint distri- 
butions Pa. B (for i= 1, 2 and j = 1, 2) then necessary and sufficient 
“meant 


7 


for there to exist a joint distribution P compatible with the 
SE ee ee. Se a Ay» Ags By» B5 


given joints is that the following system of inequalities is satisfied: 
for i # 7' = 1, 2 and j # j' = 1, 2. 
Proof. To show necessity note that, assuming the distribution Pa A.B. Bo? 
erga 2: 
for i # i' = 1, 2 andj # j' = 1, 2, 
.B.B.,) = Ady Bi Be.) & A. ,B-B.y 
P(A;B.B. ) P(A.A, BB, ) P(A-A, BB. ) 
< .,B.) + ees 
< P(A; B;) P(B, ) - P(A 


A.B.B.,) = P(A.A.,B.B.,) + P(A.A. ,B.B., 
and P(A;B.B, ) P(A.A, B,B, ) P(A.A,,B.B.,) 


aie Daa ear 
< P(A.Bs.) + P(B,) - P(A;.B;) (6) 
Also O< P (A;8;B,.) = P(A.) - P(AB.) - P(A;B..) + P(AB;B51), (7) 
and 0 < P( A;B Bs.) = 1- P(A.) - P(B.) “ P(Bs.) + P(A;B.) + P(A;B,.) 
+ P(A;B,B..). (8) 


Then (5) with (7) yields the right side of (4), and (6) with (8) yields the 
left side of (4). In order to show sufficiency, consider inequalities (2), 
first for B= By» Bi = Bo and A = Ay; and then, similarly, for A = Ay. If 
these eight inequalities hold simultaneously for one and the same P(B,B,) 


then, by Theorem 2 and the Corollary to Theorem 1, we have the required 


co Ags B,, B,. To show that inequalities (4) guarantee all this, let 
n=1, 2 andm#?k = 1, 23 set 
y = min(P(A.B.) + P(B,) - P(A B,), P(B,), P(B,)) (9) 


and define P(B,B.) = y. We can fill out the rest of the distribution 


Pa. g, by letting P(ByB,) = PB) ~ vs P(B)BL) = P(B)) ~ y and 


P(B,B, 
that P(A.) + P(B,) + P(By) <]+t P(A.B, ) + P(A.B) + P(B,B.) for i=1, 2. 


yea ie P(B, ) - P(B,) + y. Then (9) and the left side of (4) imply 


Similary, (9) and the right side of (4) imply the remaining six inequalities 
corresponding to (2.2), (2.3) and (2.4) for the successive A = Ay» Ao3 B = By> 
and B! = Bo. 
3. CORRELATION EXPERIMENTS AND HIDDEN VARIABLES 

We apply the preceding results to quantum correlation experiments. 
These involve distinct measurements of two non-commuting, bivalent 
observables (with values +1) Ay» Ay in spacetime region Ry and of two non- 
commuting,bivalent observables By» By (values +1) in region Ro. Ideally, 
Ry and Ro would be spacelike separated. In any case, we assume that each 
A. commutes with each B.. Each measurement is performed on one of 
a correlated pair of particles, for example on one of pairs of photons 
emitted in the singlet state from an atomic cascade. (See Ref. 2). Various 
sets of assumptions about the workings of the experiment have been shown 
to lead to the probabilities of the experiment (i.e., the observed distri- 
butions for Ass By and for the commuting pairs Ass Bs) being constrained 
by the system of inequalities (4). Let us refer to these, collectively, 
as the Bell/CH inequalities. It follows from Theorem 3, that the Bell/CH 
inequalities hold for the probabilities of a quantum correlation experiment 
if and only if there exists a joint distribution oe A Bs By for the 
observables of the experiment that is compatible with the observed 
distributions for the singles A. and Bs and the commuting pairs Ass B.. 
We now show, in turn, that the existence of such a joint distribution 


function is equivalent to the existence of a deterministic hidden variables 


theory for the experiment. Such a theory is defined as follows. Let 


A 5 Ay ... be observables of a quantum system, in a given state ¥. 


yoo 
A deterministic hidden variables theory for these observables (in that state) 


consists of a classical probability space @ = <A, o(A), P>, where A is a non- 
empty set (the "hidden variables" = "complete states" of the system), o(A) 

is a o- algebra of subsets of A and P is a probability measure on o(A). We 
require that there is a mapping A +A() from the observables A = A. to 


random variables on & where the range of A() is the spectrum of A and 


satisfying 

Wenss 

Pa = Pacys (D,) 
for each given observable A = A; sand 
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Pa, BPA), B() (Dy) 


for all commuting pairs A, B among the given observables. (In Dy the left 
side is the quantum joint distribution, determined by 

y 

Pa, B (S x T) = <Xs(A) X7(B)>y. (10) 
On the right of Do» 

_ -] -] 

is the joint distribution of the random variables A(), B().) 

It is straightforward to see that there exists such a deterministic 
hidden variables theory for Ay» Ao» ... if and only if there is a joint 
distribution for Ay; Ays ... compatible with the quantum mechanical 


distributions, a and PR got Por given such a hidden variables theory 


i 1? Oy 
we can define the distribution for Als Ags ee. DY 


se sie Ag acs a ay wae Pa) Suite Leh 
as the usual product measure. Conversely, suppose we have a joint distri- 


bution Pa A compatible with the quantum single and joint 
poocsse Anaeee 
probabilities (for commuting pairs), then let A consist of all the sequences 
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<A, Ags +e? where aye spectrum of A.. Let o(A) consist of all the 


infinite dimensional Borel subsets of A”, and define P by 


(Sy Hen Se RM cache 


P(S, Kencaee Sh xX sag, = Pa i 


pects Ane ses 


Then (D,) and (Dy) follow from the compatibility requirements on 


A » A, ... if we associate with observable A. the random variable 


pooree AL 
A.() defined by 

A; C= a; for A= <Ay2 eees Ags wer EA, 
Clearly this same equivalence between hidden variables and joint distri- 
butions obtains if we replace the left side of (D,) and (D5) by any 
given distributions. In the case of the quantum correlation experiments, 
the weight of evidence suggests that the observed distributions are those 
of quantum mechanics (See Ref. 2), But even if this were not so, we could 
ask about the possibility for a hidden variables theory returning the 
experimentally observed probabilities, whatever they are, on the left side 


of (D,) and (D We summarize the bearing of our results on this question 


2) 
in the following theorem. 
THEOREM 4. For a correlation experiment with observables Ay Ags By> Bo 


and with exactly the four pairs A., B; (i = 1, 2; j = 1, 2) commuting, 


the following statements are mutually equivalent: (1} The Bell/CH inequali- 
as Toning statements are mutually equivalent: (lt, ine bell/tn inequali- 


ties hold for the single and double probabilities of the experiment; (2) 


There is a joint distribution P compatible with the observed 
SS ee Ay» Ao» By —————————— 


single and double distributions; (3) There is a deterministic hidden 


variables theory for A,» Ao» Bis By returning the observed single and double 


distributions; and (4) There is a well-defined joint distribution (for the 
Oseribueions; and (4) Inere is a well-defined joint distribution (for the 


non-commuting pair) P and joint distributions P and 


a 


and with the 


Bo 


» each of the latter compatible with P 
Bs Pie 


P. 
Ans Bay 
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observed single and double distributions. 
4, OTHER HIDDEN VARIABLES 

There are observables whose quantum mechanical probabilities for 
certain states of correlated quantum systems violate the Bel1/CH inequali- 
ties. Likewise, in most of the correlation experiments the observed 
probabilities also violate these inequalities. Thus both theoretically 
and experimentally we have a refutation of the possibility of deterministic 
hidden variables. Before the investigations initiated by Bell on correlated 
systems, however, there were other no-hidden-variables results. The 
strongest recent one is due to Kochen and Specker (Ref. 3). We show here 
the connection between their work and our investigation of joint probabili- 
ties and deterministic hidden variables. 

Kochen and Specker begin by defining a hidden variables theory, for 
a set 0 of observeables of a quantum system in state ¥, exactly as in our 
definition in the preceding section for such a deterministic hidden 
variables theory, including (D, ) for every A ¢ 0, but not requring (D5) 
for commuting pairs. Let us refer to this as a weak hidden variables theory. 
They then suggest that a reasonable-looking, formal requirement, in addition, 
would be to have the algebra of operators mirrored by the algebra of 
random variables. Thus they add the requirement 

F(A)(A) = FIAQ)] (KS) 
for all A e A and for every Borel function f (and for all Ac 9 ). 

Our first result here is to show that if the set 0 jis large enough, 
then (KS) is equivalent to (Do). Specifically, define a set of observables 


Q to be large enough if (1) whenever Ac O and B « O and AB = BA, then 


2 

AB e 0, and also there is some observable C « 0 such that A = f(C) and 
B = g(C) for Borel functions f and g; and (2) whenever A c 0 and S is 
a Borel set, then x, (A) e 0. 
LEMMA If 0 is large enough, then for A e 0, B e O and AB = BA, (KS) implies 

AB(X) = A(A)B(A). (PR) 
Proof. We have that A = f(C) and B = g(C) for Ce O. By (KS), 
A(x) = flC(a)] and B(a) = gIC(A)]. But AB = fa(C). So by (KS), 

AB(X) = fg(C)(A) = FgfC{a)] = FIC(A)]gIC(A)] = A(A)B(A). 
THEOREM 5. If Ois large enough, then a weak hidden variables theory for 
0 satisfies (KS) only if it satisfies (D,) for_all commuting pairs A, B in 
QO. 


Proof. It follows from (D,) and the Lemma, that 

ce ) (A)x+(B) ‘ 

Pp S xT) = <x (A)x-(B)>, = P (1) = 

A,B see Re eelB) w Pg (ACT xq (80) 1) 


By (KS), this yields, 


Ph p(S xT) = PLEATY (ACA) = xq(B(A)) = TH PIAT(S)nB™!(T)1 = Py a(S x 7). 


There is nearly a converse to this theorem, as follows. 


THEOREM 6. If 0 is large enough, then the following are equivalent: (1 


There is a deterministic hidden variables theory for 0; (2) there is a weak 
hidden variables theory for 0 satisfying (KS) almost everywhere; (3) There 
is a weak hidden variables theory for 0 satisfying (PR) almost everywhere. 
Proof. We show that (1) implies (2), that (2) implies (3) and that (3) 
implies (1). To show that (1) implies (2), suppose we have (D5) for all 
commuting pairs A, B in 0. We want to show that f(A) (A) 92" FIA(A)]; i.e., 
that PL{a] f(A)(a) # FLA(A}]}} = 0. Let y be any number in the spectrum of 
F(A), and let S={a|f(A)(A) = y} and T = {a|f[A(A)]= y}. We want that 


13 
P(SnT) = P(SnT) = 0. This will follow if we have P(S) = P(T) = P(SatT). 
From (D,) and the usual rules for functions of observables we have, 
n(T) = Peeajaa) © # yyy = PLCel(y)) = PEcay(y) = P(S). Using the 
spectral representation of A, it follows that xp(A)x¢cpy (F(A) = xp (A) 
for any set D, where f(D) = {f(x)|x « D}. Hence, 


Pa (a) (Dx f(D)) = <xp(A)>y = P,(D). In particular, 


Pa, e(ayeh (y) x ty} = PRCA (y)) = P(S) = P(T). But, 
eat 0) x {y} = P(SaT). The conclusion now follows from (D5). That 
(2) implies (3) is a consequence of the Lemma. Finally, the derivation of 
(1) from (3) has already been carried out elsewhere® and, since it involves 
no new principles, need not be repeated here. 

This theorem has an immediate corollary that applies to the correlation 
experiments. 
COROLLARY. If O is large enough, then a necessary condition for there to 
exist a weak hidden variables theory for 0 that satisfies 
is that there exists a joint distribution for every finite subset of 0, 
one compatible with all the well-defined quantum mechanical single and 


joint probabilities in that subset. 


If we consider the observables Als Ays By and Bo for a correlation 
experiment, then clearly there is a finite, large enough set 0 containing 
them all. According to the corollary above, and Theorem 4, the failure 
of the Bell/CH inequalities for particular correlated systems implies that 
there is no weak hidden variables theory satisfying (KS) for any finite 
large enough set of observables of such a system. It was just the tying 


down of the no-hidden-variables results to such finite systems of 
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observables that was the central concern of the Kochen and Specker results. 
Our work in this section and the previous one shows that the Bel1/CH 
inequalities for the correlation experiments achieve the same end, 

5. COMMUTING OBSERVABLES 

Our investigations suggest that what the different hidden variables 
programs have in common, and the common source of their difficulties, is 
the provision of joint distributions in those cases where quantum mechanics 
denies them. In this section, we formulate an intuitive criterion for 

a joint distribution, and show that its satisfaction in quantum mechanics 
leads to the usual connection between joint distributions and commuting 
operators. 

If A and B are random variables over a common probability space with 
measure P, then for any two-place Borel function f and any Borel set S, 
the joint distribution Paypis well defined, as is the random variable 
f(A,B), and they satisfy the condition that Pq g(t '(S)) = Pera py(S)- 

We now propose, essentially, the same condition as a criterion for when 
several observables of a quantum system have a joint distribution, as 
follows. 

We shall say that observabes Als ial Ay of a quantum system satisfy 
the joint distribution condition (briefly, (j d)) just in case, corresponding 
to every n-place Borel function f there is an observable of the system 
with operator F(A, Sheets Ay)» and corresponding to every state ¥ of the system 


there is a probability measure My a q_ on the Borel sets of pn that 
ry 1? ASTh hy 


returns the quantum single distributions Ph as marginals, such that 
i 


=| - 
a (Pts) Pe a,) (8) (12) 


Hye 
y A» rene AL F(A), on 
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for every state ¥ and Borel set S of reals. 

THEOREM 7. Observables A,, ..., A, satisfy (j d) if_and only if all pairs 
commute.” 

Proof. If Ay, ..., A, form a commuting set then F(A,» as A.) is well- 
defined for every n-place Borel function f, and the usual joint distribution 


determined by Wwe A TA (Syx...xS )= Xe (A) wed i (A, )>y satisfies 


aes An 1 n 
(j d) for all states ¥. To show the converse we will show that if (j d) 
holds and A = Aj. Be A. then the spectral projections x, (A)> xz (B) commute 
for any Borel sets S, T of reals. So suppose that i, j are fixed and S, T 
are given Borel sets. Then there are n-place Borel functions f and Borel 
sets of reals S', T' such that 

Rx... xSxX... xXR= Ff! (8!) (13) 
and Rx... XTX... XRE Flt), (14) 
where S occurs in the jth place in (13), and T in the qth piace in (14). For 
example, we can define a Borel function f by (x15 ery x) = 0 for Xs tS 
and x; ¢ T, F(x,> heise Xn) = 1 for x; © S and x5 e T, F(x] ae x.) a2 
for x, « S and x ¢ T, and F(x, dues x) = 3 for x, ¢ S and x; € Tes 
If S' = {1, 2} and T' = {1, 3} then (13) and (14) hold. For such an f, 


we have from (j d) that 


pA(S) = MesAys wees AL (Rx. ..xSX..-xR) NYA cosy RCAOB 
_ pt 
> RG ci ieee ey 


Since (15) holds for all states ¥, it follows that x, (A) = x1 (FAY » saya A,))- 
Similarly, x7 (B) = xpi (F(A, s aes A,)). Hence, x%_ 6A) commutes with x7(B). 
The criterion (j d) and Theorem 7 help us to understand the significance 


of the violations of the Bell inequalities for the correlation experiments. 
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For the observables Al; Ags Bas Bo of the experiments (with values + 1) 
do not form a commuting set. Hence, by Theorem 7, if F(x,, Xo» Yy> Yo) = 


Xt XqVo + Xoo > XV) and we try the correspondence rule F(A), Ay» Bis Bo) 


= A,B, + A.Bo + AnBo - AoB, then equation (12) will fail for some set S and 
state ¥. In particular, if S is the closed interval from -2 to +2, then 
f(s) 2 {-l, a8 and the left side of (12) must be 7 for any measure. But 
in certain singlet states ¥ (namely, those for which the Bell/CH inequalities 
fail) the quantum mechanical probability on the right side of (12) will differ 
from 1. Thus violations of the Bell/CH inequalities are particular cases 
where (j d) fails, as Theorem 7 tells us it somewhere must, for observables 
not all pairs of which commute. (Of course, it is Bell's important and 
lasting contribution to have found cases especially simple, and also 
experimentally tractable, where (j d) does fail.) 

It seems natural to take (j d) as a criterion for when observables 
have a joint distribution. It is a course-grained criterion, not sensitive 
to the particular state of a system. As we have seen in the preceding 
sections, more finely grained criteria (and hidden variables are among them) 
are equivalent to constraints (like the Bell/CH inequalities) that some 
quantum systems violate in certain states. These violations have been 
experimentally confirmed. Perhaps, then, we ought to accept the straight- 
line induction; that where (j d) fails, and quantum mechanics does not give 
a Well-defined joint distribution, neither would experiments. After all, 
if we hold that probabilities (including joint probabilities) are real 


properties, then some observables may simply not have them. 
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6. A. Fine, Synthese 29 257 (1974), This is reprinted, with a relevant 
correction to the proof, in P. Suppes (ed.) Logic and Probability in 
Quantum Mechanics (Dordrecht, 1976) pp, 249 - 281, 
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7. For pairs of discrete observables a computational proof is contained 
in A. Fine, Brit. J. Phil. Sci. 24 1 (1973). I want to thank Robert Latzer 


for correspondence that helped me find the simple, general derivation below. 


